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The new mechanism for the generation of the chiral generations is proposed based on the
SU(1, 1) horizontal gauge symmetry. The appearance of the chiral generations is controlled
by the coupling constants of the model. This is crucial in the grand unification scheme.
The resulting chiral generations naturally acquire the hierarchal Yukawa coupling matrices.
Propriety of the model to the observed hierarchical structure is discussed numerically under
the minimal parameter set.
§1. Introduction
In the low-energy particle physics, Nature shows two remarkable aspects. First,
quarks and leptons appear with the repetition of three generations. It is not yet
clear enough where the denite number of chiral generations comes from. Second,
the generations have the hierarchical mass structure. This structure is translated to
the hierarchical Yukawa coupling structure whose origin is not yet well established.
The characteristic structure of Yukawa coupling matrix seems to suggest some inter-
generation symmetry, that is, horizontal symmetry. 1)
For the possible approach to understanding these problems, the model was pro-
posed based on the noncompacet horizontal gauge symmetry GH = SU(1; 1). 2) 3)
This model is a vector-like 4) generalization 5) of the minimal supersymmetric stan-
dard model(MSSM) 6), and the three chiral generations and the hierarchical Yukawa
coupling structure are realized through the mechanism called \spontaneous genera-
tion of generations". 2)
In the model, a MSSM chiral supereld(f) is extended to a chiral supereld(F )
which belongs to an innite dimensional unitary representation of the horizontal
gauge symmetry SU(1; 1). For example, the three generations of quark doublets q
is extended to a SU(1; 1) multiplet;
Q = fq; q+1; q+2; q+3;   g; (1.1)
where  is the lowest weight of SU(1; 1) and assumed to be real positive. The
three chiral q’s are contained in Q. Precisely speaking, q’s are realized as lin-
ear combinations of innite number of q+i’s. According to the vector-like(left-
right) symmetry, all F ’s are accompanied by F ’s which are conjugate to F ’s under
SU(1; 1)  SU(3) SU(2)  U(1). So Q has a partner ;
Q− = fq−; q−−1; q−−2; q−−3;   g: (1.2)
The horizontal symmetry is spontaneously broken by a non-vanishing vacuum
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2expectation value(VEV) of some component  i of ΨR, which is a multiplet belonging
to a nite dimensional non-unitary representation of SU(1; 1) with the integer highest
weight R,
ΨR = f −R;  −R+1;    ;  R−1;  Rg; (1.3)
and assumed to be singlet under the standard model(SM) gauge group.
The coupling of the non-vanishing VEV h −3i to F and F− provides the three
chiral generations of f ’s. The relevant part of the superpotential taken in Reference
2) is




(−1)i f−−if+i + vF
1X
i;j=0
A;Ri;j  i−j f−−if+j; (1.4)
where MF is a SU(1; 1) invariant mass and the Clebsch-Gordan coecient A
;R
i;j are
given, with the normalization factor NA, as)
A;Ri;j = NA(−1)j
s
i!j!(i − j +R)!(−i+ j +R)!




Γ (2+ j + r)
r!(j − i+ r)!(R− r)!(i− j +R− r)!(r + j −R)! : (1
.5)
When the SU(1; 1) is spontaneously broken and ΨR is replaced with its VEV,
the second term of (1.4) does not contain the rst three components of F. Under
the presence of the rst term of (1.4), this absence of three components is retained
in the unitary transformed way due to the fact that the second term of (1.4) is
always dominant for large i and j. This disappearance means a generation of the
three chiral generations. The other components acquire huge Dirac masses with
all components of F− and decouple from the low-energy phenomena. The SM
Yukawa couplings are obtained by extracting these three chiral generations from
the SU(1; 1) invariant Yukawa couplings. The mixing eect due to the unitary
transformation mentioned above and group theoretical structure of SU(1; 1) Clebsch-
Gordan coecients reproduce the hierarchical structure of Yukawa coupling matrices.
At the high-energy scale, where the horizontal symmetry is manifest, it is natural
to expect that the SM gauge group is also unied into the higher symmetry(grand
unied) group G  SU(3)SU(2)U(1). 7) Thus, it would be reasonable to extend
the present model to the model based on the gauge group SU(1; 1)  G. Grand
unied theory(GUT) usually requires us to introduce extra particles which acquire
super heavy masses through spontaneous break down of G. The present model is
basically vector-like, so that it has a desirable potential for making such extra parti-
cles super heavy. However the \spontaneous generation of generations" mechanism
based on the superpotential (1.4) encounters serious diculty under the grand uni-
cation. This is because the extra particles, such as colored Higgses, are unied
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3with the MSSM particles into the same grand unied multiplet, and consequently
the chiral realization of the MSSM particles is always accompanied with that of the
GUT partners. Therefore we must abandon (1.4) as the \spontaneous generation of
generations" mechanism and search for an available alternative.
In this paper we propose the solution to this problem by a simple extension.
The extension is to replace the SU(1; 1) invariant mass term MF F−F in (1.4)
by a Yukawa coupling uFR F−F with a non-unitary multiplet R. Under this
replacement, the vacuum has various phase structure. When vF hΨi is much larger
than uF hi, the chiral structure is determined by hΨi  h −gi and we have g
chiral generations. On the contrary, when vF hΨi  uF hi, we have no chiral
generations of F , if hi  h0i. The number of chiral generations is integer which
cannot vary continuously. This means that the phase space of the vacuum is divided
into two domains whose boundary is characterized by the critical values of the ratio
uF hi =vF hΨi. This novel mechanism enables us to give heavy masses to superfluous
particles like colored Higgses in the supersymmetric SU(5) model 8) without ne
tuning. The purpose of this paper is to present a general framework of the model
and to clarify the characteristics which the model reveals.
§2. The New Mechanism for Generating Chiral Generations
Introducing the horizontal gauge symmetry SU(1; 1) in a vector-like manner, we
extend the MSSM superelds (q; u; d; l; e; h; h0) and their conjugates (q; u; d; l; e; h; h0)
to 2)
Q; U ; Dγ ; L; E; H−; H 0−;
Q−; U−; D−γ ; L−; E−; H; H 0;
where each of the elds belong to an innite dimensional representation of SU(1; 1)
and ; ; γ; ; ; ;  are real positive.
Let us discuss the chiral structure of quark doublets Q and Q−. We examine
the superpotential
uQS Q−Q + vQΨR Q−Q; (2.1)
where vQ and uQ are real coupling constants and ΨR and S belong to nite dimen-
sional representations of SU(1; 1) with highest weight R and S respectively. We as-





We must set g0 = 0 to give both possibilities that all modes become massive and
g modes become massless. Thus, the SU(1; 1) broken superpotential(mass terms)








The generation of chiral generations means the appearance of massless modes in
(2.2).








(i) + massive modes: (2.3)
The coecients aq(i)j must be normalizable as
P1
j=0 jaq(i)j j2 = 1. Inserting (2.3) into
(2.2), we obtain the massless condition for q(i) as
uQ h0iA;Sj;j aq(i)j + vQ h −giA;Rj;j+gaq(i)j+g = 0: (2.4)









This recursion relation means that aq(i)j goes to zero if the magnitude of the coecient
of aq(i)j in the right-hand side is smaller than unity in the limit j !1. In this case
a
q(i)
j are normalizable, so massless modes appear.






(R− i+ j)!(R + j − i)! (j)
R; (i; j !1): (2.6)
Therefore, we nd, in the limit j !1,
uQ h0iA;Sj;j
vQ h −giA;Rj;j+g










For S < R, the right-hand side goes to zero. This means that all aq(i)j are well dened,
so g massless generations appear. By setting g = 3, the three chiral generations
of quark doublets are realized. On the other hand, for S > R, aq(i)j diverges for
j ! 1 and we can not dene normalizable massless modes. This means that all
components in (2.2) become massive. Obviously, the present model is a natural
extension of the previous model based on (1.4), which is recovered by the choice
S = 0. This extension, nevertheless, gives the model with the remarkable feature,
which is realized in the special case S = R.
For S = R, the situation in (2.2) is subtle. Since jS=jR is unity, the coecient
of jS=jR in the right-hand side of (2.7) determines whether the chiral generations
appear or not. Let us dene the ratio rQ by
rQ =
uQ h0i
vQ h −gi : (2
.8)
The asymptotic behavior of aq(i)j is governed by the value of this ratio. From (2.5)




(R− g)!(R + g)! : (2
.9)
5For jrQj < rcg, aq(i)j is normalizable and the g chiral generations appear. The chiral
generation structure does not appear for jrQj  rcg. The generation of generations
depends on the magnitude of rQ which is controlled by couplings u and v. That is,
two dimensional parameter space of u and v is divided into two domains, each of
which has the quite dierent chiral structure.
The choice S = R not only accomplishes simplication purpose, but also gives
us an attractive mechanism. Some of the MSSM particles are unied in a large GUT
multiplet with extra particles at high energy. If each particles in the GUT multiplet
have dierent ratio r’s (2.8), it is possible to realize without ne tuning that the
MSSM particles have the chiral structure and the extra particles are super heavy.
For instance, let us consider the Higgs sector of the supersymmetric SU(5) grand
unied model. 8) A Higgs doublet h is embedded in a 5-dimensional representation








We introduce two multiplet 0R′ and Ψ
0
R′ which belong to 1 and 24 of SU(5) respec-




KK− + vK KΨ 0R′K−: (2.11)
The gauge symmetry SU(1; 1)SU(5) is spontaneously broken to SU(3)SU(2)














CCCCA 6= 0; (2.12)
where we have set g = −1 for Ψ 0R to realize one chiral generation for Higgs because









The critical value in the present case is given by (2.9) with g = −1, rc1. When the
ratio r’s satises the condition jrH j < rc1  jrHC j, H has one chiral generation but
HC does not. This condition is consistent with (2.13) and (2.14). Therefore, we
can remove the colored Higgs in a low-energy theory by choosing such r’s. There is
no ne tuning. Like this example, we can use this mechanism to make superfluous
particles heavy.
6Following above discussion, we describe the generation generating superpotential
as
(uQR + vQΨR) Q−Q + (uUR + vUΨR)U− U + (uDR + vDΨR)D−γ Dγ
+ (uLR + vLΨR)L−L + (uER + vEΨR)E− E
+ (uH0R′ + vHΨ
0







For simplicity and economical purpose, we assume the same non-unitary multiplets
R and ΨR couple to quarks and leptons and generate the three chiral generations
through non-vanishing VEV’s h0i and h −3i. Also, the same 0R′ and Ψ 0R′ with
h00i 6= 0 and h 01i 6= 0 realize one chiral generation for Higgses, The potential (2.15)
allows the selective generation of the chiral generations and the extension to grand
unied models.
§3. The Hierarchical Structure of Yukawa Coupling Matrices
Let us now proceed to the Yukawa couplings of Higgses to quarks and leptons.
The relevant terms in the superpotential are given as
yU UQH− + yD DγQH 0− + yE ELH
0
−: (3.1)
The SU(1; 1) invariance requires
 = +  +; (3.2)
 = + γ +0 = +  +00; (3.3)
where , 0 and 00 are non-negative integers. The Clebsch-Gordan decomposition









i!j!Γ (2 + i)Γ (2+ j)





(i− r)!(j −+ r)!r!(− r)!Γ (2 + r)Γ (2+− r) ; (3
.5)
where NU is a normalization constant.
To nd the structure of Yukawa couplings for massless modes, we must pick up
them from original components. As mentioned in section 2, the massless modes of








q+j (i = 0; 1; 2): (3.6)















vQ h −3i : (3
.8)
To guarantee that the three chiral generations of quark doublets are realized, we
assume that the ratio rQ satises the relation
jrQj < rc3 =
s
R(R− 1)(R − 2)
(R+ 1)(R + 2)(R + 3)
: (3.9)
The mixing contribution of higher components q+j to massless modes is gener-
ally suppressed, for reasonable value of jrQj < 1, due to the suppression factor (rQ)k
in (3.7). There exists an additional suppressing mechanism which becomes eective
for large value of R. From the asymptotic form of Clebsch-Gordan coecient A;Ri;j
in the limit R!1,
A;Ri;j  NA(−1)j
1p
i!j!Γ (2 + i)Γ (2 + j)
R2+i+j−1; (3.10)









For all quarks and leptons which have the three chiral generations, we have sim-
ilar relations (3.6)-(3.9) with appropriate replacements of the weights and couplings
u, v.
Higgses have negative weights so that the Yukawa couplings (3.1) are invariant
under SU(1; 1). We can obtain one massless mode by setting the non-vanishing VEV





























8to realize one chiral generation. Similar relations apply to H 0−. The mixing eect
in (3.12) is also suppressed for jrH j < 1 and we have additional suppression in (3.13)







From the SU(1; 1) invariant couplings (3.1), we can extract Yukawa couplings





where the Yukawa coupling matrix Γ u is given as










Other Yukawa coupling matrices Γ d and Γ e are obtained similarly.
This general formula (3.18) is very complex, and it is dicult to explore the
general property analytically. However, the suppressing eect of mixing in (3.6)
and (3.12) realizes the hierarchy among the generations generally. We can expand
Γ uij in terms of the power series of r’s and extract the lowest order contribution of
r’s. We nd that the phenomenologically attractive structure is realized when we
choose  = 0. In this case the leading contribution to Γ u comes from the term with
m = n = 0 in (3.18). Omitting the numerical coecients, it takes the form
Γ u( = 0) /
0








The terms with m > 0 and/or n > 0 in (3.18) give the modication to the lowest
order term with m = n = 0. In this simplication, rH governs the matrix structure.









§4. Numerical Analysis Under the Minimal Parameter Set
In this section, we show the result of numerical analysis for the typical parameter
region to see whether the observed hierarchical structure is realized or not. There
are many free parameters in the model; seven weights of unitary elds (, , γ, , ,
, ), two weighs of non-unitary eld (R, R0), seven ratios of VEV’s and couplings
(rQ, rU , rD, rL, rE, rH , rH′), and three Yukawa coupling constants (yU , yD, yE).
In practice, it is impossible to make numerical analysis retaining all of this freedom.
Based on the consideration of grand unication, we decrease the number of these
parameters.
First of all, we assign the same lowest weight  to all quarks and leptons,  =
 = γ =  = . Then the weights of Higgses are  =  = 2. We further













Fig. 1. The mass ratios in the case of R = 3, α = 0.5, rQ = 0 and rU (rD) = 0













Fig. 2. The mass ratios in the case of R = 3, α = 0.5 and |rH | = 0.2
assume R = R0 and make the identication R = 0R′ in the potential (2.15). To
check whether our framework has capacity for describing the observed hierarchical
structure, we calculate mass ratios of quarks and leptons among the generations and
the CKM matrix 9) under this parameter set. In the calculation of these quantities,
we do not need values of Yukawa couplings yU ; yD; yE and normalization constants
of Clebsch-Gordan coecients.
First, we set  = 0:5 and R = 3 which is minimal allowed value of R, and
investigate the dependence of the masses on the ratios r’s. In the case of R = 3, to
realize one generation for Higgses and three generations for quarks, we must restrict
values of r0s to jrH j; jrH′ j <
p
3=2 and jrQj; jrU j; jrDj < 1=
p
20.
Fig. 1 shows mass rations m1=m0 and m2=m0 of up-type quarks(down-type
quarks) for various values of rH(rH′) when rQ = 0 and rU = 0(rD = 0). It is
surprising that the resulting mass hierarchy is much larger than what is naively
expected from (3.19) ( m1=m0  O(r2H), m2=m0  O(r4H)). In fact, the order of
the observed mass ratios of up-type quarks, mc=mt = m1=m0  O(10−3), mu=mt =
m2=m0  O(10−6), and down-type quarks, ms=mb = m1=m0  O(10−2), mb=md =
m2=m0  O(10−4)), is realized by setting rH  0:2  0:25 and rH′  0:4  0:65.
In Fig. 2, we show the eect of non-vanishing values of rQ and rU with keeping
rQ = rU . Evidently the dependence of masses on the values of rQ, rU and rD is small.
This situation has been vaguely anticipated in the end of the previous section.
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Fig. 3. The mass ratios in the case of α = 0.5, rH = 0.2, rQ = 0.1 and rU = 0.1













Fig. 4. The mass ratios in the case of R = 3, rH = 0.2, rQ = 0.1 and rU = 0.1
Generally the value of ratio r is complex. From (2.15) we observe that rQ, rU
and rD have the common phase arg[h0i = h −3i], and also rH and rH′ have the phase
arg[h0i = h 01i]. The physically meaningful phase is SU(1; 1) invariant phase





The result of Fig. 2 (insensitivity to h −3i) implies that the eect of this phase  on
masses is small.
The R dependence of mass ratios is given in Fig. 3. We see the mass hierarchy
is enhanced slowly with an increase in the value of R. The  dependence is given in
Fig. 4. The variation of  gives sizable eect, although not so large. We reproduce
the observed mass hierarchy for quarks by choosing adequate values of rH and rH′
under the minimal parameter set.
The hierarchical structure of Yukawa coupling matrices Γ u and Γ d reflects itself
in the characteristic form of the CKM matrix. Naively, the CKM matrix is expected
to take the form
VCKM 
0




As a typical example, we give the numerical result in the case R = 3,  = 0:5,
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Fig. 5. The Jarlskog determinant in the case of R = 3, α = 0.5, |rH | = 0.2, |rH′ | = 0.45, rQ = 0.2,
rU = 0.2 and rD = 0.2
rH = 0:2, rH′ = 0:45, rQ = 0:2, rU = 0:2 and rD = 0:2;0









The mass ratios in this case are mc=mt = 2:510−3, mu=mt = 7:010−6, ms=mb =
1:4  10−2 and md=mb = 1:7  10−4. Although these mass ratios are not enough
satisfactory, it is rather surprising that such a simple choice of parameters reproduces
the qualitative feature of VCKM.
To see the magnitude of the CP -violating phase, we calculate the Jarlskog de-
terminant J 10) which is the rephaseing-invariant parameter. In Fig. 5, we give a
result for J in the parameter region which gives above CKM matrix. Here,  dened
in (4.1) is  = − arg[rQ]−3 arg[rH ]. The magnitude of J , jJ j  O(10−7), looks much
smaller than what is expected in the SM, jJ j  O(10−5).
Finally, let us mention on masses of charged leptons. Since charged leptons
acquire masses through Yukawa couplings to Higgs h0, their mass ratios are given by
those of down-type quarks with the replacement rQ ! rL and rD ! rE. As show in
Fig. 2, mass ratios are almost insensitive to these parameters. Therefore the present
minimal model predicts essentially equivalent mass ratios for charged leptons and
down-type quarks. This prediction is unfavorable to the observation. The model
cannot reproduce both of the mass ratios simultaneously.
§5. Summary and Discussions
In this paper we have proposed a new mechanism for \spontaneous generation
of generations" based on the SU(1; 1) gauge symmetry. This mechanism works
well in the grand unied theories. We can naturally understand the coexistence of
chiral massless particles and super heavy GUT partners without ne tuning. At the
same time, this mechanism yields the hierarchal Yukawa interactions among chiral
generations naturally.
We investigated the characteristic feature of the model through the numerical
12
analysis under the minimal parameter set which is motivated by the grand unica-
tion and also by the economical purpose. We found that the observed hierarchies
of both up-type and down-type quarks are qualitatively reproduced under the rea-
sonable values of the parameters. This minimal model is also capable to realize the
characteristic structure of the CKM matrix.
The most serious diculty of the minimal model is that the model cannot si-
multaneously reproduced the mass ratios of down-type quarks and charged leptons.
The smallness of the predicted value of J may be also the problem if we seek the
origin of the CP -violation at the phase of the CKM matrix.
From this survey, we conclude that the minimal model based on the severely
restricted set of parameters does not have enough capacity to reproduce the reality.
The model must be modied by some relaxation of the constraints. At this stage,
the compatibility of the model with the underling grand unication symmetry will
give useful guiding principle. We expect that the further attempts along this line
will give us deeper insight on the generations of quarks and leptons.
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